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Abstract
A subgroup- and quotientgroup closed class D of groups is a Dietzmann class if the normal closure
〈xG〉 of an element x of an arbitrary group G is a D-group, provided that 〈x〉 ∈ D and G induces
on 〈xG〉 a D-group of automorphisms. For a set π of prime numbers, let Fπ denote the class of
finite, LFπ that of locally finite π-groups. For any subgroup- and quotientgroup closed class X
with Fπ ⊆ X ⊆ LFπ , let HX denote the class of hyper-X-groups, (HX)C that of groups with HX-
conjugacy classes. We show that HX and (HX)C—in particular HFπ , (HFπ)C and (LFπ )C—are
Dietzmann classes.
 2004 Elsevier Inc. All rights reserved.
Let G be a group and X a class of groups. An element x ∈ G has X-conjugacy class in
G (or x is an XC-element of G), if G induces on its normal closure 〈xG〉 an X-group of
automorphisms, that is, G/CG(xG) ∈ X. Here CG(xG) =⋂g∈G CG(xg) is the centralizer
in G of the conjugacy class xG of x in G. The set ZX(G) = {x ∈ G | G/CG(xG) ∈ X} is
the XC-center of G and G is an XC-group if ZX(G) = G. The class of all XC-groups is
again denoted by XC. If X is quotientgroup closed, then XC ⊇ X. In this way, C can be
regarded as an extension operator on the universe of all quotientgroup closed group classes.
Inductively we have XCn = (XCn−1)C for n 1. Thus G ∈ XCn ⇔ G/CG(xG) ∈ XCn−1
for all x ∈ G.
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x is of finite order with only finitely many conjugates in G, then N = 〈xG〉, the normal
subgroup of G generated by x is finite (see [1,3,5,9]).
In [4] and [7] a first attempt of a general theory of group classes with the Dietzmann
property is developed: A subgroup- and quotientgroup closed class D of groups is a
Dietzmann class if for every group G and x ∈ G the implication
x ∈ ZD(G) and 〈x〉 ∈ D ⇒
〈
xG
〉 ∈ D
is true. Since xG is finite if and only if G/CG(xG) is finite, this implication, specialized
for the class D = F of all finite groups, is nothing else than a formulation of Dietzmann’s
Lemma. If D contains the infinite cyclic group, i.e., the class Z of all cyclic groups, the
hypothesis “〈x〉 ∈ D” can of course be dropped.
Among many other results, in [4] are proved for example: For every Dietzmann class D,
the classes LD of local D-groups as well as ZD of central-by-D-groups also have the
Dietzmann property. In particular, for every set π of prime numbers, the classes LFπ of
locally finite π -groups are Dietzmann classes.
Also the class DC has the Dietzmann property, provided that D is a Dietzmann class
which contains the infinite cyclic group or which is residually closed. Moreover FπC,
the class of groups with finite π -conjugacy classes is Dietzmann. The question remained
open as to whether the class operator C is generally “Dietzmann-friendly”, that is, whether
DC always has the Dietzmann property without any further restrictions on the Dietzmann
class D. In particular, it could not be decided in [4], whether (LF)C had the Dietzmann
property. The aim of the present communication is to confirm this in a slightly more general
frame. The answer to the general question, however, remains open. We prove:
Theorem. Let π be a set of prime numbers, X an {S,Q}-closed class of groups with
Fπ ⊆ X ⊆ LFπ . Let HX denote the class of hyper-X-groups. Then
(a) HX is a Dietzmann class.
(b) (HX)C is a Dietzmann class.
Recall that a group is a hyper-X-group, if every of its nontrivial homomorphic images
has a nontrivial normal X-subgroup.
With X also HX is {S,Q}-closed (see [2]). The classes LFπ are extension closed
[6, p. 429], from which it easily follows that they are also “hyper-closed”, i.e., H(LFπ) =
LFπ . Therefore HX ⊆ LFπ and (HX)C ⊆ (LFπ)C for all of our classes X in conside-
ration.
For X = LFπ , part (a) of our theorem is well known by [4, Proposition 9(a)]. This will
be used in the proof (Proposition 1).
For X = Fπ , we see that also the hyperfinite π -groups form a Dietzmann class.
By part (b) we see that in particular (LFπ )C and (HFπ)C, the classes of groups with
locally finite and those with hyperfinite π -conjugacy classes, have the Dietzmann property.
This is the decisive step for the following
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LFπ ⊂ (LFπ )C ⊂ (LFπ)C2 ⊂ · · · ⊂ (LFπ )Cn ⊂ · · ·
and
HFπ ⊂ (HFπ)C ⊂ (HFπ)C2 ⊂ · · · ⊂ (HFπ)Cn ⊂ · · ·
are Dietzmann classes.
Proof. For n = 0 this is part (a), for n = 1 part (b) of our theorem, specialized for X = LFπ
(= H(LFπ)) or X = Fπ . For n 2 it now follows inductively by [4, Proposition 14], since
Z ⊆ (HX)C ⊆ (HX)Cn−1, and the supposed Dietzmann property of (HX)Cn−1.
(Note that, for n = 1, Proposition 14 of [4] cannot be applied as ZHX!) 
Remarks. (a) For π = ∅, that is, when LF∅ = {{1}} and therefore {{1}}Cn = Nn, our
corollary shows once more that the classes Nn of nilpotent groups of nilpotency class  n
have the Dietzmann property (already proved in [4, Proposition 7, Corollary]).
(b) For the Dietzmann property of all members in the chains
Fπ ⊂ FπC ⊂ FπC2 ⊂ · · · ⊂ FπCn ⊂ · · ·
and
LFπ ⊂ L(FπC) ⊂ L
(
FπC
2)⊂ · · · ⊂ L(FπCn
)⊂ · · ·
see [4, Cons. 5].
1. Preparations
We prepare the proof of our theorem.
Lemma 1 (Schur [8]). Let π be a set of prime numbers. If G/Z(G) ∈ Fπ , then G′ ∈ Fπ .
Proof. See [5,9]. 
Lemma 2. Let G ∈ (LFπ)C. Then G′ ∈ LFπ .
Proof. Let F be a finite subset of G′. Then F ⊆ H ′ for a finitely generated subgroup
H = 〈g1, g2, . . . , gr 〉 of G ∈ (LFπ)C. It follows H/Z(H) = H/⋂ri=1 CH(gHi ) ∈ Fπ and
then H ′ ∈ Fπ by Lemma 1. Thus 〈F 〉 ∈ Fπ and therefore G′ ∈ LFπ . 
Lemma 3. Let G be a group and x ∈ G. We put N = 〈xG〉 and E = CG(N), so that
E ∩ N = Z(N). Let D = CG(N/Z(N)), so that D ∩ N = Z2(N) is the second center
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epimorphism G → G modulo E. Thus x¯ = xE and N = NE/E = 〈x¯G〉. The following
properties hold:
(a) N = 〈x〉[x,G].
(b) D = CG(N).
(c) Y CN(xN).
Proof. (a) is well known and easy to see: Clearly [x,G] = 〈[x,g] | g ∈ G〉  G and
[x,G]N . Moreover, for all g ∈ G we have xg = x[x,g] ∈ 〈x〉[x,G]. Thus N = 〈xG〉 =
〈x〉[x,G].
(b) D = CG(N) follows as N/Z(N) and NE/E = N = 〈x¯G〉 are G-isomorphic groups.
(c) We have Z(N) YZ(N)D ∩ N = Z2(N). Thus YZ(N)N .
For all t ∈ N we have therefore Y  YZ(N) = (YZ(N))t = Y tZ(N) 〈xt 〉Z(N)N .
Since 〈xt 〉Z(N) is an abelian group, we see that Y centralizes xt and thus xN . 
Lemma 4. Let x ∈ G ∈ (LFπ)C and put N = 〈xG〉. If R  N is such that 〈xR〉 =
〈x〉R/R ∈ Fπ , then N/R ∈ LFπ .
Proof. By (a) of Lemma 3 we have N = 〈x〉[x,G]. Since [x,G]G′, we see by Lemma 2
that N  [x,G] ∈ LFπ . So N is (locally finite-π )-by-cyclic. Now let R  N such that
〈xR〉 ∈ Fπ . It follows that N/R = [x,G]RR 〈xR〉 ∈ LFπ , as LFπ is extension-closed. 
Lemma 5. Let π be a set of prime numbers, X an {S,Q}-closed class of groups with
Fπ ⊆ X. Let N be a (torsion) π -group such that N/Z(N) ∈ HX. Then N is a hyper-X-
group.
Proof. Let R  N . If Z(N)  R, there will be M  N with R < M and M/R ∈ X,
as N/Z(N) ∈ HX. If Z(N)  R, pick any x ∈ Z(N)\R. With M = 〈x〉R we have
R < M N and M/R is a finite π -group, in particular an X-group. 
2. Proof of the theorem
The following Proposition 1, which is identical with part (a) of our theorem, is easily
verified by Lemma 5:
Proposition 1. Let π be a set of prime numbers, X an {S,Q}-closed class of groups with
Fπ ⊆ X ⊆ LFπ . Then HX is a Dietzmann class.
Proof. Let G be a group, x ∈ G with 〈x〉 ∈ HX, i.e., x is a π -element and suppose
G/E ∈ HX, where E = CG(N) and N = 〈xG〉. Since HX ⊆ LFπ and LFπ is a
Dietzmann class [4, Proposition 9(a)], we see that N is (in particular) a torsion π -group.
As N/Z(N) ∼= NE/E  G/E ∈ HX, we conclude with Lemma 5, that N ∈ HX. Thus,
HX is a Dietzmann class. 
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show that the class (LFπ )C has the Dietzmann property:
Proposition 2. Let π be a set of prime numbers. Then (LFπ)C is a Dietzmann class.
Proof. Let G be any group and x ∈ Z(LFπ )C(G), that is, x is an ((LFπ )C)C-element of G.
We put N = 〈xG〉, E = CG(N) and D = CG(N/Z(N)), so that D ∩N = Z2(N).
We have G/E ∈ (LFπ)C and have to show that also N ∈ (LFπ )C. Since 〈x〉 ∈ Z ⊆
(LFπ)C, we do not know anything on the order of x—this is the difficulty of the proof!
We abbreviate G = G/E, x¯ = xE, N = NE/E = 〈x¯G〉. Thus G ∈ (LFπ )C and it is
to show that every y ∈ N has locally finite π -conjugacy class in N , that is, N/CN(yN) ∈
LFπ .
We have y ∈ 〈xg1 , xg2, . . . , xgr 〉 for certain g1, . . . , gr ∈ G. Moreover,
N
CN((xgi )N )
= N
(CN(xN))gi
∼= NCN(xN) .
Once we know N/CN(xN) ∈ LFπ , it follows
N⋂r
i=1 CN((xgi )N )
∈ LFπ ,
owing to the closure properties of the class LFπ . Thus also
N
CN(yN)
∈ LFπ , as
r⋂
i=1
CN
((
xgi
)N )CN
(
yN
)
.
So it suffices to show that N/CN(xN) ∈ LFπ .
Since G ∈ (LFπ )C, we have G/D ∼= G/CG(x¯G) ∈ LFπ . With Y = D ∩ 〈x〉 we have
therefore 〈x〉/Y ∼= D〈x〉/D = 〈xD〉 ∈ Fπ . Since Y  CN 〈xN), by Lemma 3(c), we see—
and this is the crucial point of the proof!—that x becomes an element of finite π -order
modulo CN 〈xN). We put R = ECN 〈xN). Thus R  N and R ∩ N = CN 〈xN) such as
E ∩ CN 〈xN) = Z(N). It follows
N/R = NE/E
ECN 〈xN)/E
∼= N/Z(N)CN 〈xN)/Z(N)
∼= N/CN
(
xN
)
.
Moreover, x¯ has finite π -order modulo R. Applying now Lemma 4 to the (LFπ)C-
group G, we see that N/R ∈ LFπ .
Thus N/CN 〈xN) ∈ LFπ . This completes the proof of Proposition 2. 
The following Proposition 3 is identical with part (b) of our theorem:
Proposition 3. For every set π of prime numbers and every {S,Q}-closed class X with
Fπ ⊆ X ⊆ LFπ , the class (HX)C is a Dietzmann class.
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N = 〈xG〉. This means that an ((HX)C)C-element x of an arbitrary group G is given and
we have to show that N is an (HX)C-group too (note that Z ⊆ (HX)C, so there is again
no restriction on the cyclic group 〈x〉!).
It is to show that all elements of N have hyper-X-conjugacy classes in N , i.e.,
N/CN(yN) ∈ HX, ∀y ∈ N .
Since (HX)C ⊆ (LFπ)C and since we already know the Dietzmann property of
(LFπ)C, by Proposition 2, we conclude N ∈ (LFπ)C. Thus N/CN(yN) ∈ LFπ for all
y ∈ N . In particular, the N/CN(yN) are torsion π -groups.
We have Z(N)  CN(yN), so that the N/CN(yN) are homomorphic images of
N/Z(N). Again we overline to indicate the natural epimorphism G → G = G/E, so that
N = 〈x¯G〉 = NE/E ∼=G N/Z(N). With D = CG(N/Z(N)), we have D = CG(x¯G) and
D ∩N = Z2(N).
Since G is an (HX)C-group, we see that G/D ∼= G/CG(x¯G) ∈ HX. Thus also
N/Z2(N) ∼= ND/D is hyper-X. The center factorgroup of N/Z(N), being isomorphic
to N/Z2(N), is therefore a hyper-X-group.
We see now that the quotients N/CN(yN), being homomorphic images of N/Z(N), are
both: torsion π -groups, having also hyper-X-center factorgroup. Again Lemma 5 shows
that N/CN(yN) is a hyper-X-group. Thus N ∈ (HX)C and we see that (HX)C is a
Dietzmann class. 
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